EQUILATERAL TRIANGLES IN Z 4 
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1) a 2 + b 2 + c 2 = 3d 2 



EUGEN J. IONASCU 

Abstract. We give a characterization of all three points in R 4 with integer coordinates which are 
at the same Euclidean distance apart. In three dimension the problem is characterized in terms of 
solutions of the Diophantine equations a 2 +b 2 +c 2 = 3d 2 . In R 4 , the characterization is essentially 
■ based on two different solutions of the same equation. 

<D, 

1. INTRODUCTION 

(N 

It is known (see [2], [7]) that the Diophantine equation 

H 

has always non-trivial solutions (gcd(a, 6, c) = 1 and < a < 6 < c, these will be called primitive 
solutions) for every odd number d. As a result of this investigation, we will also see a simple 
argument for this statement. This equation is at the heart of our main result so let us remind the 
reader a few facts about it. In general the equations dU) has solutions for which gcd(a, b, c) > 1 in 
1^ ■ addition to the primitive ones, for instance 

3(15 2 ) = 5 2 + 5 2 + 25 2 = 3 2 + 15 2 + 21 2 = l 2 + 7 2 + 25 2 = 5 2 + ll 2 + 23 2 = 5 2 + 17 2 + 19 2 , 

OV 

and we will see that all these solutions are important in our considerations. If we are interested in 
integer solutions of (H|) then, of course, one can permute [a, b, c] in six different ways and change the 
signs, to obtain a total of 48, in general (if a, b and c are all different), distinct ordered triples. If d 
is odd, it is easy to see that a, b and c must be all odd numbers too. One way to obtain solutions of 
(|TJ) is to look at the factorization of the number 3c? 2 — c 2 and check if it satisfies the characterization 
of being a sum of two perfect squares. As an example, if d = 7, 3(49) — 1 = 146 = 2(73) and the 
prime 73 = 4(18) + 1 implies we can write 3(49) = l 2 + 5 2 + ll 2 . The number of primitive solutions 
is given by 

(2) *w ~ 

where 
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(3) r 2 (d) 



(4) 



'0 if d is divisible by a prime factor of the form 8s+5 or 8s+7, s > 0, 
1 if d is 3 

where k is the number of distinct prime factors of d 
of the form 8s+l, or 8s+3 (s > 0), 



2 k < 



A(d) := 8d Y\ 1 

p\d,p prime \ 



p 



and (-^) is the Legendre symbol. We remind the reader that, if p is an odd prime then 



(5) 



(=?) 

P 



if p = 3 

1 if p = 1 or 7 (mod 12) 



-1 if p = 5 or 11 (mod 12) 
In [6] we have characterized the primitive triples (a,c,d) £ N 3 satisfying 2a 2 + c 2 = 3d 2 . This 
was done in a manner similar to the way that Pythagorean triples are usually described with a 
one-to-one correspondence to a special set of pairs of natural numbers. 

Theorem 1.1. Suppose that k and £ are positive integers with k odd and gcd(k,£) = 1. Then 
a, c and d given by 

'a = \2£ 2 + 2k£ -k 2 \, c= \k 2 + 4M - 2£ 2 \, if k £ £ (mod 3) 

(6) d = 2£ 2 + k 2 with < 

a = \2l 2 - 2k£ -k 2 \, c= \k 2 - ik£ - 2£ 2 \, if k^-£ (mod 3) 
constitute a positive primitive solution of 2a 2 + c 2 = 3c? 2 . Conversely, with the exception of the 
trivial solution a = c = d = 1, every positive primitive solution for 2a 2 + c 2 = 3d 2 appears in the 
way described above for some I and k. 

This theorem provides a very simple way of generating lots of solutions of the equation (prj . 

In this paper we are interested in finding a simple way of constructing three points in Z 4 , say 
A = (oi, a2, as, 04), B = (pi, 62, 63, 64), and C(c\, C2, 03,04) with a^, 6j, Cj G Z, i = 1..4, such that 



(7) 



444 
]T(a, - a) 2 = - Ci) 2 = ^(a, - b,) 2 = D > 0. 

i=l i=l i=l 
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We will disregard an integer translation, so we will assume that C is the origin (C = O). Another 
trivial way to get new equilateral triangles from old ones is to permute the coordinates and change 
signs (a total of possibly 384 different triangles). Also, we will mainly be talking about irreducible 
triangles, in the sense that the triangle OAB cannot be shrunk by an integer factor to a triangle 
in Z 4 . 

The first example of a whole family of equilateral triangles in Z 4 is given by any solution of 
([T]), taking A(d, a, b, c) and B(2d, 0, 0, 0). The triangle OAB is irreducible as long as we start with 
a primitive solution of (pQ) and its side-lengths are equal to 2d. This is totally different of the 
3-dimensional situation. We are including here the main classification result in Z 3 from [5]. 

Theorem 1.2. The sub-lattice of all points in the plane Va,b,c := {( a ,P,l) £ Z|aa+6/3+c7 = 0} 
contains two vectors C an ^ such that the triangle 7^'™ := AOPQ with P, Q in V a ^, c > is 
equilateral if and only if for some integers m, n 



0~P = m( - n'rf, 0$ = n( + (m — n)lf, with 



(8) 



C = {(l,(l,(2), ~? = (?1,<?2,<?3),^ 



(9) 



rac + dbs 



das — bcr 



X3 = r 



si 



52 



U3 



3dbr — acs 

q 



3dar + bcs 



where q = a 2 + b 2 and r, s can be chosen so that all six numbers in (0) are integers. The sides- 



lengths of AOPQ are equal to d^/2(m 2 — ran + n 2 ). Moreover, r and s can be constructed in such 
a way that the following properties are also verified: 

(i) r and s satisfy 2q = s 2 + 3r 2 and similarly 2(b 2 + c 2 ) = q 2 + 2>( 2 and 2(a 2 + c 2 ) = ?| + 3( 2 

(ii) r = r'ux, s = s'cox where cv = gcd(a,b), gcd(r',s') = 1 and \ i- s the product of the prime 
factors of the form 6k — 1 of (a 2 + b 2 )/uj 2 

(Hi) = dV2, \~?\ = d^G, and ( ■ ~? = 

(iv) s + «v3r = gcd(A — i\^3B, 2q), in the ring Z[i\/3], where A = ac and B = bd. 



When it comes to the irreducible elements in Z[i\/3] we use only the following decomposition of 
4 as (1 + y/3i)(l — \/3~i). As we can see from the above theorem, the possible values of D (defined 
in © ) for the existence of an irreducible triangle must be of the form 2(m 2 — ran + n 2 ), ra, n € Z. 



4 EUGEN J. IONASCU 

We will see that in Z every even D can be achieved for some equilateral triangle not necessarily 
irreducible. 

Another family of examples is given by 

(10) A(a + b, a — b, c + d, c — d) and B(a + c,d — b,c — a,—b — d), 

where a, b, c and d are arbitrary integers such that gcd(a, b, c,d) = 1 and not all odd. The 
side-lengths are \j2[a 2 + b 2 + c 2 + d 2 ). 

In Z 3 ([S]) only the equilateral triangles given as in Theorem 11.21 with m 2 —mn + n 2 = k 2 , k £ Z, 
can be extended to a regular tetrahedron in Z 3 . The family in (jlOp can be completed to a regular 
tetrahedron by taking C{b + c, a + d,d — a,c — b). We will also show that every triangle in the first 
family given here can be extended to regular tetrahedrons. In fact, we will show this for the more 
general family defined by 

A((m — 2n)d, ma, mb, mc) and 

(11) 

B((2m — n)d,na,nb,nc), with m,n£Z, gcd(m.n) = 1. 
2. Some results 

Our classification is driven essentially by the side-length ^/~D. From ([7]) we see that 

4 4 

D = \AB*\ 2 = ^af -2 <0%,0$ > +^b 2 < OA, OB* >= D/2. 

i=i i=i 

So, Y2i=i a ibi = D/2 which proves that D must be even, and so D = 2k with k € N. Let us assume 
that A; is a multiple of 2. Then D = 2k is a multiple of 4. Then 

+ a 2 . + a\ + = b\ + &?> + &i + b\ = (mod 4) 

implies that either all a 4 's are even or all are odd, since every perfect square is equal to or 1 (mod 
4). Similarly the frj's are all even or all odd. If the triangle OAB is irreducible we may assume that 
aj's are all odd numbers. In this case 

4 4 

2k = aj + a\ + a\ + a\ = ^(2c 4 + l) 2 = 4[1 + ^a{ci + 1)]. 

i=l i=l 

Hence | must be odd. So, the power of 2 in the decomposition of D must be 1 or 2 in order to have 
an irreducible equilateral triangle in Z 4 whose side-lengths are \[~D. We will prove the converse 
latter. We include next some examples for small values of k: 
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k 


A 


B 


D 




k 


A 


B 


D 


1 


(0,0,1,1) 


(0,1,0,1) 


2 




11 


(1,1,2,4) 


(-1,4,2,1) 


22 


2 


(1,1,1,1) 


(1,1,1,-1) 


4 




12 


2(0,1,1,2) 


2(1,1,2,0) 


24 


3 


(0,1,1,2) 


(1,1,2,0) 


6 




12 


2(0,1,1,2) 


2(0,2,-1,1) 


24 


3 


(0,1,1,2) 


(0,2,-1,1) 


6 




13 


(0,1,3,4) 


(4,1,0,3) 


26 


4 


2(1,1,0,0) 


2(1,0,1,0) 


8 




13 


(2,2,3,3) 


(2,-3,3,2) 


26 


5 


(1,1,2,2) 


(3,0,1,0) 


10 




14 


(2,2,2,4) 


(-3,-3,1,3) 


28 


6 


(1,1,1,3) 


(-1,1,3,1) 


12 




15 


(1,2,3,4) 


(3,1,-2,4) 


30 


7 


(0,1,2,3) 


(3,1,0,2) 


14 




16 


4(1,1,0,0) 


4(1,0,1,0) 


32 


7 


(0,1,2,3) 


(0,3,-1,2) 


14 




17 


(1,2,2,5) 


(5,-1,2,2) 


34 


8 


2(1,1,1,1) 


2(1,1,1,-1) 


16 




18 


(1,1,3,5) 


(1,5,-1,3) 


36 


9 


(1,2,2,3) 


(1,3,-2,2) 


18 




19 


(0,2,3,5) 


(5,2,0,3) 


38 


9 


(0,1,1,4) 


(0,1,4,1) 


18 




19 


(2,3,3,4) 


(2,-3,4,3) 


38 


10 


(1,1,3,3) 


(0,4,2,0) 


20 




20 


2(1,1,2,2) 


2(3,0,1,0) 


40 



This table suggest that we can introduce a sequence, ET^k), which counts the number of equilateral 
triangles in Z 4 which have side-lengths equal to V2k, disregarding the permutations and the change 
of signs. The next observation we make is a simple way to generate new triangles from given ones. 

Proposition 2.1. (a) Given an irreducible equilateral triangle OPQ in Z 4 and m, n two 
integers then the triangle OP'Q' G Z 4 defined by 

(12) OP' = mOP - nO$, OQ' = (m - n)0$ + nOp , 

is also equilateral and the side-lengths are equal to \PQ\\/m 2 — mn + n 2 . Moreover, OP'Q' is 
irreducible if and only if gcd(m,ra) = 1. 

(b) There exists an equilateral triangle ORS 6 Z 4 in the same "plane" as OPQ such that all 
equilateral triangles in this plane are generated as in (lfy) from ORS. 

Proof, (a) We just calculate 

\OP'\ 2 = m 2 OP 2 - 2mn < ofi, 0$ > +n 2 OQ 2 = \PQ\ 2 (m 2 - mn + n 2 ), 

\OQ'\ 2 = (m - n) 2 OP 2 + 2(m - n)n < oP, 0$ > +n 2 OQ 2 = \PQ\ 2 {m 2 - mn + n 2 ) and 

\P'Q'\ 2 = |( m - n)0~P - mOt}\ 2 = \PQ\ 2 {m 2 - mn + n 2 ). 

The last statement is more or less obvious and we let it to the reader. 

(b) To show the existence of ORS we choose an equilateral triangle in the same plane with the 
smallest side-lengths. If this triangle doesn't cover all the triangles that are in the same plane there 
exists one, say OAB as in Figure [2j The position of A and B within the tessellation generated by 
ORS provide existence of an equilateral triangle with smaller side-lengths. ■ 
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Figure 1: Two distinct tessellations 



We are going to refer to the triangle given by (b) as a minimal triangle which generates OPQ. 
Remark: Let us observe that we can can be sure that OPQ is itself minimal if its square of 
the side-lengths is not a multiple of 4 and does not have any divisors of form m 2 — mn + n 2 or 
equivalently, no prime divisors of the form 3 or 6/c + 1. 

Proposition 2.2. An irreducible equilateral triangle of side-lengths \[~D exists in Z 4 if and 
only if D/2 or D/A is an odd number. 

Proof. We need to check the sufficiency Let k = D/2 and consider its prime factorization. 
We split k = k\k<i where k\ is the product of all primes of the form — 1( mod 6) or 2 and ki is the 
product of all other primes. By Lagrange theorem we can write k\ = a 2 + b 2 +c 2 + d 2 , a, b, c and d in 
Z. Using (|10p we obtain such an equilateral triangle which by the remark following Proposition [2J] 
must be irreducible. We take one representation of k<i = m 2 — mn + n 2 such that gcd(m, n) = 1 
and apply Proposition 12.11 to the triangle constructed above. We obtain an equilateral which is 
irreducible of side-lengths y/kik^ = y/~D. ■ 

3. A NECESSARY CONDITION 

Using the Lagrange's Identity 

4 4 4 

D 2 = 4fc 2 = 6?) = (£oA) 2 + (afij-ajbi) 2 . 

i=l j=l i=l l<i<i<4 

This implies that 
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(13) Yj (aibj - cijbi) 2 = 3k 2 . 

l<i<j<4 

If we denote by \j = (— {aibj — cijbi), we observe that Ay = Aji for all i,j G {1,2,3,4}, 
i < j. We have a relation which is a constrain on the solutions of ()13[) : 



(14) A12A34 - Ai 3 A 24 + A14A23 = 0. 

This implies that we also have a writing similar to the one in (|13j) but with only three perfect 
squares: 



(15) 3k 2 = (A 12 ± A 34 ) 2 + (A13 T A 24 ) 2 + (A M ± A 23 ) 2 . 

From the three dimensional situation we know that this equation has solutions for every k odd. 
The analogy carries over even further if we observe that 



(16) 



'ai(O) + a 2 A 34 + a 3 A 24 + a 4 A 23 = 
6i(0) + 6 2 A 34 + o 3 A 24 + o 4 A 23 = 
a 4 A 23 + a 2 A 43 + a 3 A 42 + a 4 (0) = 
t6iA 23 + 6 2 A 13 + 6 3 A 12 + a 4 (0) = 

One may couple our problem with the existence of orthogonal matrices having rational coordi- 
nates. The group of symmetries of the four-dimensional space which leaves the lattice Z 4 invariant 
is not something that we are interested in since that is just permuting the variables or changing 
their signs. The first interesting orthogonal matrix we may look at is 



/ 1 



On 



1 



-1 



1 



1 \ 
-1 
-1 

\1 -1 -1 1 J 

and the quaternion theory provide a huge class of such examples. One can take such a matrix and 
use it to transform equilateral triangles in Z 3 into equilateral triangles in Z 4 but that changes their 
sides by a factor n 2 . 



Let us observe that in the example ()10p we have Ai 2 = a 2 + ac — be — ad — db + b 2 , A 



31 



ac + ad + be + db + d 2 , A 



13 



-a 2 + be — ab — c 2 — ad — cd, A 14 = ac + c 2 — cd + ab + b 2 + db, 



A 23 = cd + d 2 — db — ac + a 2 — ab, and A 



24 



-ab — ad + b 2 — cd + be + d 2 . We also see that 



Au + A 34 = - A13 + A 24 = A14 + A 23 = a 2 + b 2 + c 2 + d 2 = k. 
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We observe that this calculations give a proof the fact that the Diophantine equation (fTJ) has always 
non-trivial solutions for all odd k. 

Proposition 3.1. Every triangle given by can be extended to a regular tetrahedron in Z 4 . 

Proof. We may take R((m — n)d, x, y, z) such that 

ax + by + cz = (m + n)d 2 and x 2 + y 2 + z 2 = d 2 (3m 2 — 2mn + 3n 2 ). 

We can make the substitution, x = u+a^Y^, y = v+b 111 ^ 1 and z = w+c^y 11 where au+bv+cw = 0. 

This substitution ensures that the first equation is satisfied. The second equation is equivalent to 

9 o n 8d 2 (m 2 - ran + n 2 ) 
u + v + w = . 

We need the following fact 
We take (u,v,w) = OC$ = 2m ~ 4w ~(f + 2m + 2n ~rf , then by the above theorem we have 



u 2 + v 2 + w 2 = 2d 2 



2m — 4n\ (2m — 4n\ (2m + 2n\ [2m + 2n 



3 / V 3 



+ = = + 



r^f—\ 222 8d 2 (m 2 - mn + n 2 ) 

(17) u + v + w = and au + bv + cw = (J. 

3 

So, we need to look when x = u + a 2 ^^, y = v + 6^^^ and z = w + c^^ 1 are integers if (u, v, w) 
are as above. Because of symmetry, it is enough to look at the last component; z is equal to 

(2m — 4n)r (2m + 2n) (r + s) m + n 3r + s + c 3r — s — c 

z = — + + c = m n , 

3 3 2 3 3 3 

or 

s ~\~ c 

z = (m — n)r + [rri + n) . 

3 

Since 2q = s 2 (mod 3) and q = —c (mod 3) implies c = ±s (mod 3). We may choose the vector V 
(changing the sign if necessary) so that s + c = (mod 3). In fact we can accomplish, by the change 
of sign, that two of the coordinates be integers. The third coordinate must be also an integer since 
x 2 + y 2 + z 2 = d 2 (3m 2 - 2mn + 3n 2 ). U 

Proposition 3.2. Suppose A = (x±, X2, X3, x±) G Z 4 , different of the origin, is a point such 
that the number D = x 2 + x\ + x\ + x 2 is even. Then there exists B £ Z 4 such that OAB is 
equilateral. Moreover, there exists C 6 Z 4 such that OABC is a regular tetrahedron. 



Proof. It is clear that the fact that D even translates into the fact that the number of odd 
numbers in the list [x\, X2, x%, X4] is even. This means, we can match them in two pairs such that 
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the numbers in each pair are of the same parity. So, without loss of generality we may assume that 
x\ and X2 have the same parity and the same is true for x 3 and x 4 . Hence the systems 



a + b = x\ ' 



c + d = X3 
c — d = X4 



a — b = X2 

have solutions in integers for a, b, c, and d. Then the statement follows from the parametrization 
given in (fTOj) . ■ 
Let us observe that the two parameterizations (110p and (llip cover different sets. If we take 
d = 11 and a = 5, b = 7 and c = 17 we get with the above construction the regular tetrahe- 
dron {0,(11,5,7, 17), (20, -8, 4, 2), (15, 3, -13,9)} and from (HU and Proposition O we get an 
essentially different regular tetrahedron {0, (11, 5, 7, 17), (22, 0, 0, 0), (11, 1, 19, -1)}. 

Theorem 3.3. Given k odd, and two different representations |I]) ; i.e. 

3k 2 = a 2 + b 2 + c 2 = a' 2 + b' 2 + c' 2 , with gcd(a, b, c, a', b' , c) = 1, c > c, 

then if we set A 12 = *%a, A 34 = , A 13 = h -^f, A 24 = ^f, A 14 = ^f, and A 23 = ^ 
the equations i!5\) and |j^[ ) are satisfied. Moreover, the two dimensional space S of all vectors in 
(u,v,w,t) G Z 4 , such that 



(18) 



f (0)u + A u v + A 24 u; + A 23 i = 
\a 23 u + A 13 v + Ai 2 w + (0)t = 0? 

contains a family of equilateral triangles as in Proposition ^. 1\ Conversely, every equilateral triangle 
in Z 4 can be obtained in this way up to a permutation and change of signs of the variables. 

Proof. Clearly by construction we have (|15p . Since a, a', ... are all odd, then all numbers 
defined above are integers. We notice that 

A 12 A 34 - A 13 A 24 + A 14 A 23 = (1/4) [a' 2 - a 2 - (b 2 - b' 2 ) + (c /2 - c 2 )] = 0. 

Let us introduce A 4 := gcd(A 34 , A 24 , A 23 ) and A 2 := gcd(A 23 , A i3 , A 42 ). Clearly gcd(Ai, A 2 ) = 1. 
The equations of the hyper-planes in (fl8j) do not depend on A 4 and A 2 . We see that the assumption 
on A 23 > insures that the equations (I18p define a two dimensional space in R 4 . Moreover it is 
true that the map {(0, A 34 , A 24 , A 23 ), (A 23 , Ai 3 , Ai 2 , 0)} — > S is one-to-one as long as A 23 > and 
gcd(A 42 , A 34 , Ai 3 , A 24 , A 23 ) = 1. In order to prove our claim, it suffices to show that an equilateral 
triangle with rational coordinates exists in S. 
We can solve the equations (fT8j) for rational values of t and u: 
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A 34 -u + A 24 w A 13 'w + A 12 w 

t = , u = t , with v, w € £. 

A 23 A23 

For infinitely many values of v and w we get integer values for t and u, but for calculation purposes 
even for rational values we get the quadratic form 

QF ^ = { A23 J +u +u; + { A23 J ' 

or 

(A 2 4 + Ajg + A 2 > 2 + 2(A 34 A24 + A 13 A 12 )m/; + (A 2 4 + A 2 2 + A 2 3 ) W 2 
Qt (u, v) = -2 . 

^23 

Using Lagrange's equality the determinant of this form (excluding the denominator) is equal to 
-A/4 = (A 2 4 + A 2 3 + A 2 3 )(A 2 4 + A 2 2 + A 2 3 ) - (A 34 A 2 4 + A 13 A 12 ) 2 = 
(Ai 2 A 34 - A13A24 + A 2 3 ) 2 + (A12A23 - A 34 A 23 ) 2 + (A 13 A 23 + A24A23) 2 = 

A 2 3 (3A; 2 ) =}► A = -3(2kA 23 ) 2 . 
This implies that for vq = — (A 3 4A24 + A13A12) and wo = (A| 4 + A 2 3 + A 23 ) we get 

QF(v , w ) = 3k 2 (A 2 u + A 2 3 + A 2 3 ), 

and 

(19) QF(v, W ) = (^-^) 2 + 3tVAl3 

If we denote the generic point P in the plane (|18p in terms of v and w, i.e. 



n , \ , A 13 v + A 12 w A u v + A 24 w 
P{v,w) = ( ,v,w, ), 

^23 ^23 

we observe that for two pairs of the parameters, (v,w) and (v',w'), we obtain A 23 = wv' — vw', 
A / / A 13 v' + A 12 w' A 13 v + A 12 w , , 

A 12 = V{ -r ) + -r V = A 12 A 23 / A 23 , 

^23 ^23 

and similarly A' 13 = Ai 3 A' 23 /A 23 , etc. This implies from §F5§ that if \P(v, w)\ 2 = \P(v', w')\ 2 = 2k£ 
then 

(< P(v, w), P(v', w') >) 2 = Ak 2 f - 3k 2 2 

We see that it is enough to have A' 23 = £A 23 to obtain an equilateral triangle. So, by (fl~9j) we need 
to have solutions (v,w) and (v 1 ,w') of 
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(20) (w v - v w) 2 + 3fc 2 u> 2 A 23 = (w v' - v w') 2 + 3k 2 w' 2 A 2 23 = 2kA 23 w (wv' - vw'). 

In general, the quadratic equation x 2 + 3y 2 = n, if it has a solution, then it has other solutions, of 
course other than the the trivial ones by changing the signs of x and y. For instance, we have 



2 / \ 2 



x-3y\ x + y » 2 2 

Let us assume that (v',w r ) gives this exactly this other solution: 

W V' - V W' = "ov-vow+akwAzi 



kA 23 w' = - ^ov-vnw-kwA^ 



This allows us to calculate 



/ , n ,^ (w v ~ vow) 2 + 3k 2 w 2 A% 3 

wv — vw =(1/2) — -. 

kA 23 w 

This means that we just need to have a solution of 

(21) (w v - v w) 2 + 3k 2 w 2 A 2 . 3 = 2kA 2 23 w e, feN. 

We can use the first value of £ which makes the prime factorization of 2kwo£ satisfy the necessary 
and sufficient condition for having a representation as x 2 + 3y 2 . This condition is that all prime 
numbers of the form 6k — 1 must have even exponents. Once we have such a representation we 
easily solve for w and then for v since = (A| 4 + Af 3 + A 23 ) > 0. This proves that we always 
have a rational equilateral triangle in S. By scaling it with a integer factor to eliminate all the 
denominators we obtain what we want. 

For the last statement, we have shown the necessity of this construction at the beginning of this 
section. Let us observe that by permuting the variables and changing the signs we may assume 
that A 2 3 > 0. If 7 = gcd(a, b, c, a', b' , c') > 1 we can divide all these numbers by 7. ■ 
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